Abstract. The purpose of this paper is to introduce the concept of a cone symmetric space and to investigate relationship between (cone) metric spaces and (cone) symmetric spaces. Among other things, we shall also extend some fixed point results from metric spaces to cone metric spaces (Theorem 3.3), and to symmetric spaces (Theorems 3.2 and 3.5) under some new contraction conditions.
Introduction and preliminaries
Ordered normed spaces and cones have applications in applied mathematics, for instance, in using Newton's approximation method [12, 19, 21] and in optimization theory [5] . K-metric and K-normed spaces were introduced in the mid-20th century ( [12] , see also [13, 14, 16, 18, 19, 21] ) by using an ordered Banach space instead of the set of real numbers, as the codomain for a metric. L. G. Huang and X. Zhang [7] re-introduced such spaces under the name of cone metric spaces, but went further, defining convergent and Cauchy sequences in the terms of interior points of the underlying cone. Recently, in [1, 8, 9, 17] , some common fixed point theorems have been proved for maps on cone metric spaces. However, in [1, 7, 8] the authors usually obtain their results for normal cones. In this paper we obtain some of our results without using the normality condition for cones (see also [11] ).
Recall that in [20] the concept of a "symmetric" on a set X was introduced, as a function d : X × X → R possessing all the properties of a metric except the triangle inequality. This concept was used in some recent papers (see, e.g., [2, 3, 6, 10, 22] ) to obtain certain fixed point results.
The purpose of this paper is to introduce the concept of a cone symmetric space and to investigate relationship between (cone) metric spaces and (cone) symmetric spaces. We shall also extend some fixed point results from metric spaces to cone metric spaces (Theorem 3.3), and to symmetric spaces (Theorems 3.2 and 3.5) under some new contraction conditions. For instance, our Theorem 3.5 is a proper generalization of a result from metric spaces [4] to symmetric spaces.
We need the following definitions and results, consistent with [5] and [7] , in the sequel.
Let E be a real Banach space. A subset P of E is called a cone if: (i) P is closed, nonempty and P = {0};
(ii) a, b ∈ R, a, b ≥ 0, and x, y ∈ P imply ax + by ∈ P ; (iii) P ∩ (−P ) = {0}. Given a cone P ⊂ E, we define the partial ordering ≤ with respect to P by x ≤ y if and only if y − x ∈ P . We shall write x < y to indicate that x ≤ y but x = y, while x y will stand for y − x ∈ int P (interior of P ). There exist two kinds of cones: normal and nonnormal ones. A cone P ⊂ E is normal if there is a number K > 0 such that for all x, y ∈ P ,
or, equivalently, if x n ≤ y n ≤ z n and
The least positive number K satisfying (1.1) is called the normal constant of P . It is clear that K ≥ 1. Most of ordered Banach spaces used in applications posses a normal cone with the normal constant K = 1. For details see [5] .
This cone is not normal. Consider, for example, x n (t) = 1−sin nt n+2 and y n (t) = 1+sin nt n+2
. Then x n = y n = 1 and x n + y n = 2 n+2 → 0. Definition 1.2. [5, 7] Let X be a nonempty set. Suppose that a mapping d :
for all x, y ∈ X and d(x, y) = 0 if and only if x = y;
for all x, y, z ∈ X. Then d is called a cone metric on X and (X, d) is called a cone metric space.
In the case of a normal cone, the concept of a cone metric space is more general than that of a metric space. Indeed, each metric space is a cone metric space with E = R and P = [0, +∞[ (see [7, (6) If a ≤ λa where a ∈ P and 0 < λ < 1, then a = 0.
Especially properties (1), (4) and (6) of this remark are often used (particularly when dealing with nonnormal cones), so we give their proofs.
Proof. (1) We have to prove that w − u ∈ int P if v − u ∈ P and w − v ∈ int P . There exists a neighborhood V of 0 in E such that w − v + V ⊂ P . Then, from v − u ∈ P it follows that
(4) Since c − u ∈ int P for each c ∈ int P , it follows that
Hence u ∈ −P ∩ P = {0}, i.e., u = 0. (6) The condition a ≤ λa means that λa − a ∈ P , i.e., −(1 − λ)a ∈ P . Since a ∈ P and 1 − λ > 0, we have also (1 − λ)a ∈ P . Thus we have (1 − λ)a ∈ P ∩ (−P ) = {0}, and a = 0.
Let (X, d) be a cone metric space and {x n } a sequence in X. Then it is said [7] that {x n } is:
(e) a Cauchy sequence if for every c in E with 0 c, there is a positive integer N such that for all n, m > N , d(x n , x m ) c; (f) a convergent sequence if for every c in E with 0 c, there is a positive integer N such that for all n > N , d(x n , x) c for some fixed x in X.
A cone metric space X is said to be complete if every Cauchy sequence in X is convergent in X.
In the case of a normal cone it is known [7] that {x n } converges to x if and only if d(x n , x) → 0 as n → ∞, and {x n } is a Cauchy sequence if and only if d(x n , x m ) → 0 as n, m → ∞. (1) If c ∈ int P , 0 ≤ a n and a n → 0, then there exists a positive integer n 0 such that a n c for all n > n 0 .
c where x n and x are a sequence and a given point in X, respectively. (3) If 0 ≤ a n ≤ b n and a n → a, b n → b, then a ≤ b for an arbitrary cone P .
Proof. (1) Let 0 c be given. Choose a symmetric neighborhood V such that c + V ⊂ P . Since a n → 0 there is an n 0 such that a n ∈ V = −V for n > n 0 . This means that c ± a n ∈ c + V ⊂ P for n > n 0 ; that is a n c.
It follows that a sequence {x n } converges to x ∈ X if d(x n , x) → 0 as n → ∞ and {x n } is a Cauchy sequence if d(x n , x m ) → 0 as n, m → ∞. For a nonnormal cone only one part of Lemmas 1 and 4 from [7] are valid. Also, the fact that d(x n , y n ) → d(x, y) if x n → x and y n → y cannot be applied.
2. Cone symmetric spaces 2.1. Definition and properties of cone symmetrics. In the sequel we assume only that E is a Banach space and that P is a cone in E with int P = ∅ (this assumption is necessary in order to obtain reasonable results connected with convergence and continuity). In some situations (but not always) normality of the cone will be also assumed. The partial ordering induced by the cone P will be denoted by ≤.
We shall define now a new concept.
Definition 2.1. Let X be a nonempty set. Suppose that a mapping d :
, for all x, y ∈ X and d(x, y) = 0 if and only if x = y;
Then (X, d) is a cone symmetric space which is not a cone metric space.
Hence, we have the following diagram cone metric spaces −→ cone symmetric spaces ↑ ↑ metric spaces −→ symmetric spaces where arrows stand for inclusions. The inverse inclusions do not hold. It is clear that there exists a symmetric (resp. cone symmetric) space which is not a metric (resp. cone metric) space. For vertical arrows see [7, Example 1] (resp. our Example 2.2).
Definitions of convergent and Cauchy sequences are the same as for cone metric spaces.
Similarly as for symmetric spaces ( [3, 22] ) we have the following possible axioms for cone symmetric spaces: (W 3 ) For each sequence {x n } in X, and x, y ∈ X, x n → x and x n → y (as n → ∞) imply x = y or, equivalently, if for each c, 0 c, there exists n 0 such that d(x n , x) c and d(x n , y) c for all n > n 0 , then x = y.
Remark 2.3. We shall show that every cone metric space satisfies (W 3 ), (W 4 ) and (H.E) if int P = ∅ (hence, possibly without normality property).
(W 3 ): Let 0 c be given. According to the triangle inequality it follows
) is a cone metric space with a normal cone P then it also satisfies (H E ) and (C.C), [7, Lemma 5] . Evidently, (C.C) is the special case of (H E ) where y n = y for each n ∈ N.
Topologies t d and t D .
Let d be a cone symmetric on a nonempty set X. For x ∈ X and c ∈ P , 0 c, let K c (x) = {y ∈ X : d(x, y) c}. The topology t d on X is defined as follows: U ∈ t d if and only if for each x ∈ U , there exists
A cone symmetric d is a cone semi-metric if for each x ∈ X and each c ∈ P , 0 c, In the case of cone metric spaces with normal cones, the triangle inequality
where K ≥ 1 is the normal constant of the cone P . So, the symmetric D satisfies (s3) for each x, y, z ∈ X
Hence, in this case the symmetric space (X, D) is "almost" a metric space. If the cone P is nonnormal then the symmetric D satisfies only (s1) and (s2).
Remark 2.5. If (X, d) is a cone metric space with a normal cone P , then (X, D) is a symmetric space which satisfies all the axioms from [3] , that is (W 3 )-(C.C), in the setting of symmetric spaces.
Proof. (W 3 ): According to (s3) we have
and thus x = y. (W 4 ): Again using (s3) we obtain
wherefrom it follows that D(y n , x) → 0 as n → ∞.
(H.E): In this case
which means that this axiom is satisfied, as well.
(H E ) and C.C are proved in the similar way.
It follows that the space (X,
Now, for x ∈ X and ε > 0 let K ε (x) = {y ∈ X : D(y, x) < ε}. Let t D be the topology on X generated by the balls of the form K ε (x), x ∈ X, ε > 0.
Example 2.6. Let (X, d 1 ) be a symmetric space which is not semi-metric (see, e.g., [10, p. 353] ). Then there exists a cone symmetric on X, d :
It is easy to check that (X, d) is a cone symmetric space which is not a cone semi-metric, so that the associated symmetric space (X, D) = (X, d(x, y) ) is not a semi-metric symmetric space.
For cone metric spaces we have Theorem 2.7. Let (X, d) be a cone metric space with a normal cone P and let D be the associated symmetric. Then t d = t D ; moreover, d is a cone semi-metric and D is a semi-metric.
Proof. Let K c (x) = {y ∈ X : d(y, x) c} and K ε (x) = {y ∈ X : D(y, x) < ε} be, respectively, a d-and a D-ball with the center x. Since for every ε > 0 there exists c ∈ int
Conversely, suppose that the ball K c (x), for fixed x ∈ X and c ∈ int P , contains no ball of the form K ε (x), i.e., that
c. To prove that d is a cone semi-metric, we have to prove that for each c ∈ int P and each x ∈ X, the d-ball K c (x) = {y ∈ X : d(y, x) c} is a t d -neighborhood of the point x. Take an arbitrary point z ∈ K c (x), z = x; we shall prove that
, wherefrom, using the triangle inequality, it follows that
. This proves that the cone metric d is also a cone semi-metric; moreover, each d-ball is t d -open. All these facts have been proved without using the normality property of the cone. Now, using the normality of the cone, we have a previously proved inclusion K c (x) ⊂ K ε (x), ε = K · c and so K c (x) is a t d = t D -neighborhood of each of its points. Hence, the symmetric D is a semi-metric (under the assumption of the normality of the cone).
Fixed point problems on symmetric spaces which need not be metric, have been investigated intensively in the last few years. To compensate the lack of the triangle inequality, symmetrics which are semi-metrics have often been used. The previous theorem shows that the frame of cone metric spaces, introduced in [7] , is a good resource for obtaining such symmetrics.
Fixed point theorems for cone symmetric spaces

Fixed points of contractions and D-contractions.
Definition 3.1. Let (X, d) be a cone metric space and (X, D) the associated symmetric space. The self-map f : X → X is called a contraction [7] if for some λ ∈ (0, 1) and for all x, y ∈ X d(f x, f y) ≤ λd(x, y).
holds true. The map f is called a quasicontraction [8] if for some λ ∈ (0, 1) and for all x, y ∈ X there exists
We call f a D-contraction if for some λ ∈ (0, 1) and for x, y ∈ X D(f x, f y) ≤ λD(x, y). It follows from [7] and [9] that each contraction (quasicontraction) in a complete cone metric space has a unique fixed point if the cone is normal.
In the proof of the following fixed point theorem for D-contractions we have to use the normality of the cone, opposite to the situation with contractions where it is sufficient to assume that the cone has nonempty interior, see Theorem 3.3 below.
Theorem 3.2. Let f be a D-contraction with the coefficient λ, on a complete cone metric space (X, d). If λ < 1/K, where K is the normal constant of the cone, then f has a unique fixed point, e.g., p. Moreover, for each x ∈ X the sequence {f n x} of Picard iterations converges to p and the estimate
holds.
Proof. Using condition (3.1) for the D-contraction and induction, we obtain that
the fact that the cone is normal and (3.1) we obtain
In terms of [15] this is the "fundamental contraction inequality" for the Dcontraction f on the symmetric space (X, D) associated with the cone metric space (X, d). This implies the following: if x 1 and x 2 are two fixed points of a D-contraction, then they coincide. In other words, similarly as in [15] , a Dcontraction can have at most one fixed point.
Let now x ∈ X be arbitrary. Replacing x 1 and x 2 in (3.2) with f n x and f m x, and using (3.1), we obtain
when m, n → ∞. Hence, the sequence {f n x} is a D-Cauchy sequence for fixed x ∈ X. Since D-and d-Cauchy sequences are the same, and since the given cone metric space is complete, it follows that there exists p ∈ X such that f n x → p when n → ∞. Obviously, p is a fixed point of the D-contraction f , since it is D-continuous and so d-continuous (which is equivalent with t D = t d -continuous).
Letting m → ∞ with n fixed in (3.3), we obtain the estimate D(f n x, p) ≤
, which is consistent with the respective estimate in metric spaces. The theorem is proved.
We can conclude that the elegant Palais' proof [15] of the Banach Contraction Principle can be applied to D-contractions, but in the case of the symmetric space (X, D) associated with the given cone metric space (X, d). In the case of arbitrary symmetric spaces additional assumptions are needed [2, 3, 10, 22] .
The Banach Contraction Principle was in the case of cone metric spaces proved in [7] using normality of the cone, and then in [17] without this assumption. The only assumption in the next theorem will be that int P = ∅. Besides, we shall obtain an estimate that, to the best of our knowledge, appears for the first time in this context. Theorem 3.3. Each contraction f on a complete cone metric space (X, d) with a cone having the nonempty interior, has a unique fixed point, e.g., p. Moreover, for each x ∈ X, the sequence {f n x} of Picard iterations converges to p and the following estimate is valid
Proof. If x ∈ X is an arbitrary point, then, similarly as in the proof of Theorem 3.2, we have
c, which means that {f n x} is a Cauchy sequence. Thus, it converges to a unique point p. Since f is a continuous mapping (the proof of that fact can be deduced without using normality of the cone), p is also the fixed point of f .
If n is a fixed positive integer and p the fixed point of f , i.e., the limit of the sequence {f m x} (for some given x), then we have
for each m ∈ N. Applying (3.5) we obtain
where then f has a unique fixed point, say p. Moreover, for each x ∈ X, the sequence {f n x} of Picard iterations converges to p and for each n ∈ N the estimate
In order to prove the theorem we shall need some lemmas. The orbit of a selfmap f : X → X at a point x ∈ X shall be denoted as O f (x; ∞) = {f n x : n = 0, 1, 2, . . . }. O f (x; n) shall stand for {x, f x, f 2 x, . . . , f n x}.
Lemma 3.6. Let f be a D-quasicontraction on a cone metric space (X, d) with a normal cone P having the normal constant K ≥ 1, and let
Since
using normality of the cone, it follows that f x) , wherefrom, passing to the supremum in n, (3.6) follows.
Observe that it follows from the given proof that a D-quasicontraction has a bounded orbit at each point of a cone metric space, which is consistent with the results from [4, 9, 11] for metric and cone metric spaces.
Lemma 3.7. The sequence {f n x} of Picard iterations of a D-quasicontraction defined on a cone metric space (X, d) with a normal cone (for an arbitrary point x) is a Cauchy sequence in that space, provided that λ < 1/K.
In a similar way we obtain the inequality
Using Lemma 3.6 we obtain that
which means that the sequence {f n x} of Picard iterations is a D-Cauchy sequence, and so also a d-Cauchy sequence by Theorem 2.7.
Lemma 3.8. If for some point x of a cone metric space (X, d) with a normal cone the sequence {f n x} of Picard iterations of a D-quasi-contraction f : X → X converges to a point p ∈ X, then p is its fixed point, provided that λ < 1/K 2 .
Proof. For the limit point p and its image f p we have It follows that f p = p.
Proof of Theorem 3.5. Let x ∈ X be an arbitrary point. By Lemma 3.7, the sequence {f n x} of Picard iterations is a D-Cauchy sequence, and so also a d-Cauchy sequence. Since (X, d) is a complete cone metric space, this sequence converges to a point p ∈ X. According to Lemma 3.8, the point p is a fixed point of the D-quasi-contraction f . By Lemma 3.6,
wherefrom, passing to the limit when m → ∞ (and using that D is a continuous function in each of its variables, i.e., that it satisfies the axiom (H E )) we obtain that D(f n x, p) ≤ λ n K 1 − λK D(x, f x).
This proves the stated estimate. We conclude with an example of a D-quasicontraction which is not a Dcontraction. ≤ λ < 1, f is a Dquasicontraction and all the conditions of Theorem 3.5 (which is a generalization of Theorem 3.2) are fulfilled. The point x = 2 is the fixed point of the map f .
